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AMALGAMATING Rω-EMBEDDABLE VON NEUMANN
ALGEBRAS
ILIJAS FARAH, ISAAC GOLDBRING, BRADD HART
Abstract. We observe how a classical model-theoretic fact proves the
existence of many strong amalgamation bases for the class ofRω-embeddable
von Neumann algebras, where R is the hyperfinite II1 factor. In partic-
ular, we shows that R itself is a strong amalgamation base.
1. Introduction
Throughout this note, R denotes the hyperfinite II1 factor and all von
Neumann algebras under consideration are assumed to be tracial. We say
that a separable von Neumann algebra A is Rω-embeddable if A embeds into
some (equivalently all) nonprincipal ultrapowers of R.
We say that an Rω-embeddable von Neumann algebra A is an amalgama-
tion base for the class of Rω-embeddable von Neumann algebras if whenever
A is a subalgebra of the Rω-embeddable von Neumann algebras B and C,
then there is an Rω-embeddable von Neumann algebra D and embeddings
f : B → D and g : C → D such that f |A = g|A. If in addition, using the
notation from the previous sentence, we can always find D, f and g satisfy-
ing f(B)∩ g(C) = f(A), we call A a strong amalgamation base for the class
of Rω-embeddable von Neumann algebras.
For the sake of brevity, we shall simply say that A is a (strong) amalgama-
tion base, omitting the phrase “for the class of Rω-embeddable von Neumann
algebras.” We should stress that if we work in the class of all separable von
Neumann algebras, then every object is a strong amalgamation base due to
the existence of amalgamated free products. Thus, our convention should be
in the back of one’s head at all times throughout this note.
The following result appeared in [1], resulting from a careful analysis of
free entropy dimension in amalgamated free products:
Theorem 1.1. [1, Corollary 4.5] Suppose that M1,M2 are R
ω-embeddable
von Neumann algebras and M := M1 ∗RM2 is the amalgamated free product.
Then M is Rω-embeddable.
In particular, R is a strong amalgamation base, although the aforemen-
tioned result is much more specific, identifying a concrete amalgam, indeed
the freest possible amalgam.
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In this note, we will show that a large number of Rω-embeddable von
Neumann algebras are strong amalgamation bases. This will follow from the
classical result of model theory (adapted here to the setting of continuous
model theory) that any existentially closed model of a theory is a strong
amalgamation base for the class of models of that theory. We will then refer
to results from [6] which imply that, in the Polish space of separable Rω-
embeddable von Neumann algebras, the set of existentially closed models is
“large” in both the topological sense and the measure-theoretic sense.
We should note two nonconstructive features of our observation. First,
we cannot specify exactly what the amalgams look like when considering a
strong amalgamation base. Indeed, the existence of the amalgam follows
from the Compactness Theorem of (continuous) first-order logic, which is in-
herently nonconstructive. (We did attempt to see if one could force our proof
below to imply that the amalgamated free product itself is Rω-embeddable
but were unsuccessful in this endeavor.) However, this abstract approach
has the added benefit of allowing us to deal also with “nonseparable Rω-
embeddable von Neumann algebras,” that is, nonseparable models of the
universal theory of R.
Secondly, it might be desirable to know exactly what the existentially
closed Rω-embeddable von Neumann algebras are. In this note, we will ob-
serve that R itself is existentially closed, whence recovering the fact that R
is a strong amalgamation base (even allowing nonseparable algebras). If one
were able to axiomatize (in the sense of first-order logic) the existentially
closed Rω-embeddable von Neumann algebras, then this would have an ex-
tremely interesting consequence, namely that the first-order theory of R is
model-complete, from which it would follow from [2, Corollary 3.5] that the
Connes Embedding Problem (CEP) would have a negative solution.
It is interesting to ask whether or not there is a simple, operator alge-
braic proof that a large number of Rω-embeddable von Neumann algebras
are (strong) amalgamation bases. In relation to the discussion from the pre-
vious paragraph, if one could show that all Rω-embeddable von Neumann
algebras are amalagamation bases, then it would follow that the theory of
Rω-embeddable von Neumann algebras does not have a model companion
and that the theory of R is not model-complete, destroying the strategy
from [2] for providing a negative solution to the CEP. (Indeed, it is shown
in [2, Proposition 3.2] that the only possible model-complete theory of Rω-
embeddable von Neumann algebras is the theory of R. If the class of Rω-
embeddable von Neumann algebras had the amalgamation property, then a
model companion would be a model completion, implying that the theory
of R has quantifier elimination, contradicting [2, Theorem 2.1].) We discuss
this topic in further detail in the last section.
We will work in the setting of continuous model theory. We refer the reader
to [3] for a rapid introduction to this setting, where it is also explained how
to treat von Neumann algebras as metric structures.
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2. E.c. models and strong amalgamation bases
In this section, we let L be a continuous signature and K a class of L-
structures.
Definition 2.1. We say that A ∈ K is an amalgamation base for K if
whenever B,C ∈ K both contain A, then there is D ∈ K and embeddings
f : B → D and g : C → D such that f |A = g|A. If, in addition, we can
always find D, f , and g such that f(B) ∩ g(C) = f(A), we call A a strong
amalgamation base for K.
Recall the following definition:
Definition 2.2. We say that A ∈ K is existentially closed (e.c.) for K if for
any quantifier-free formula ϕ(x, y), any a ∈ A, and any B ∈ K with A ⊆ B,
we have
inf
c∈A
ϕA(c, a) = inf
b∈B
ϕB(b, a).
If K is the class of models of some theory T , we call an e.c. member of K an
e.c. model of T .
For any L-structure A, we let L(A) denote the language L where new
constant symbols ca are added for elements a ∈ A. We let D(A) denote the
atomic diagram of A, that is, the set of closed L(A)-conditions “σ(~a) = 0,”
where σ(~x) is a quantifier-free formula, ~a is a tuple from A, and σA(~a) = 0.
As in classical logic, if B is an L(A)-structure that satisfies D(A), then the
map sending a to the interpretation of the constant naming a in B is an
embedding of L-structures.
We also let D+(A) denote the set of all closed conditions “σ(~a) ≤ 1
k
”,
where “σ(~a) = 0” belongs to D(A) and k ∈ N>0. Observe that an L(A)
structure satisfies D(A) if and only if it satisfies D+(A).
The following is the continuous logic analog of a classical model-theoretic
fact (see [4, Theorem 3.2.7], although for some reason there it is assumed
that T is ∀∃-axiomatizable, which is surely unnecessary).
Proposition 2.3. Suppose that T is an L-theory and A |= T is an e.c.
model. Then A is a strong amalgamation base for the models of T .
Proof. Suppose that B,C |= T both contain A. Without loss of generality,
B ∩C = A. For c ∈ C \A, set δc := d(c,A) > 0. It suffices to show that the
following set of L(BC)-conditions is satisfiable:
T ∪D+(B) ∪D(C) ∪ {d(b, c) ≥ δc | b ∈ B \ A, c ∈ C \A}.
Suppose that this is not the case. Then there is k ∈ N>0, ~b = (b1, . . . , bn)
from B \A, a quantifier-free formula χ(~b, ~d), where ~d ∈ A and χB(~b, ~d) = 0,
and c1, . . . , cn from C \A such that
T ∪ {χ(~b, ~d) ≤
1
k
} ∪D(C) ∪ {d(bi, ci) ≥ δci | i = 1, . . . , n}
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is unsatisfiable. Consequently, the set of L(C)-conditions
T ∪ {χ(~x, ~d) ≤
1
k
} ∪D(C) ∪ {d(xi, ci) ≥ δci | i = 1, . . . , n}
is unsatisfiable. Since A is e.c., there are ~a ∈ A such that χA(~a, ~d) ≤ 1
k
,
whence χC(~a, ~d) ≤ 1
k
. Consequently, there is i ∈ {1, . . . , n} such that
d(ai, ci) < δci , a contradiction. 
Observe in the previous proof that we could have replaced D(C) by the full
elementary diagram of C, whence we can always assume that the amalgam
is an elementary extension of C.
3. Application to Rω-embeddable von Neumann algebras
We apply the results of the previous section to the case that L is the
language used for studying tracial von Neumann algebras and T is the uni-
versal theory ofR: T = Th∀(R). The relevant observation is that a separable
model of T is just an Rω-embeddable von Neumann algebra. We thus see
that:
Corollary 3.1. Any e.c. Rω-embeddable von Neumann algebra is a strong
amalgamation base for the class of Rω-embeddable von Neumann algebras.
It is worth pointing out that an e.c. Rω-embeddable von Neumann algebra
is necessarily a II1 factor; see [2].
The previous corollary begs the question: what are the e.c. Rω-embeddable
II1 factors? We can identify one:
Proposition 3.2. R is an e.c. model of Th∀(R).
Proof. Suppose ϕ(x, y) is quantifier-free, a ∈ R and R ⊆ M , where M is a
model of Th∀(R). Without loss of generality (using Downward Löwenheim-
Skolem), we may assume that M is separable. Then we have an embedding
f : M → RU , where RU is some nonprincipal ultrapower of R. Note then
that
(inf
x
ϕ(x, a))R ≥ inf(ϕ(x, a))M ≥ (inf
x
(ϕ(x, f(a)))R
U
.
Since f |R is elementary (see [2, Lemma 3.1]), the ends of the inequality are
equal, whence (infx ϕ(x, a))
R = (infx ϕ(x, a))
M . 
We should point out that, in the previous proof, we relied on the fact that
every embedding of R into RU is elementary, which is merely a consequence
of the fact that every embedding of R into RU is unitarily conjugate to the
diagonal embedding (a result perhaps known even to von Neumann).
Corollary 3.3. R is a strong amalgamation base for the class of Rω-embeddable
tracial von Neumann algebras.
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We recall the following:
Facts 3.4.
• Any Rω-embeddable von Neumann algebra embeds into an e.c. Rω-
embeddable von Neumann algebra. (This follows from the general
model-theoretic fact that any infinite model of an ∀∃-axiomatizable
theory in a countable language embeds into an e.c. model of that
theory of the same cardinality.)
• There is a family (Mα)α<2ℵ0 of R
ω-embeddable II1 factors such that,
for any II1 factor M , at most countably many of the Mα’s embed
into M (see [5]).
Consequently, we have:
Corollary 3.5. There are 2ℵ0 many strong amalgamation bases for the class
of Rω-embeddable von Neumann algebras.
Let us end by briefly explaining what we mean when we say that a “large”
number of Rω-embeddable von Neumann algebras are e.c. Throughout this
paragraph, we freely use results from [6], although specialized to the special
case at hand. Let G denote the space of all Rω-embeddable von Neumann
algebras M equipped with a distinguished countable dense subset M0 ⊆M ,
enumerated as (mi : i < ω). We can define a topology on G by declaring sets
of the form
{M ∈ G : ϕM (mi1 , . . . ,min) < ǫ}
to be basic open sets, where ϕ is a quantifier-free formula (e.g. the trace of a
∗-polynomial), i1, . . . , in ∈ N and ǫ ∈ R
>0 ∪ {+∞}. In this way, G becomes
a Polish space. It is a consequence of results from [6] that the set of e.c.
elements of G is dense in G and any reasonable probability measure on G
gives the set of e.c. elements full measure.
4. CEP and Model-completeness revisited
As mentioned in the Introduction, if one could show that allRω-embeddable
von Neumann algebras are amalgamation bases, then it would follow that
Th(R) is not model-complete. We now show that it suffices to show that a
particular Rω-embeddable von Neumann algebra is an amalgamation base
in order to conclude that Th(R) is not model-complete.
The idea stems from the proof given in [2, Section 2] that Th(R) does not
have quantifier elimination. There, we considered a finitely generated, Rω-
embeddable algebra M , an embedding π : M → RU , and an automorphism
α of M for which there did not exist a unitary u ∈ RU satisfying π(α(x)) =
uπ(x)u∗ for all x ∈ M . In order to show that quantifier elimination failed,
it sufficed to observe that, setting N := M ⋊α Z, one cannot extend π to
an embedding of N into Rω (after identifying M with its image under the
natural inclusion i : M → N).
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Keeping with the notation of the previous paragraph, let R′ denote a
separable elementary substructure of RU containing π(M) and suppose that
there exists an Rω-embeddable von Neumann algebra N ′ and embeddings
f : N → N ′ and g : R′ → N ′ such that f ◦ i = g ◦ π (e.g. if M were
an amalgamation base). Fix an embedding h : N ′ → RU . Let u′ ∈ N
denote the unitary associated to the generator of Z. If Th(R) were model-
complete, then h ◦ g would be an elementary embedding. Since M is finitely
generated, it would follow that there does not exist a unitary u ∈ RU such
that h(g(π(α(x))) = uh(g(π(x))u∗ for all x ∈M , contradicting the fact that
u := h(f(u′)) is such a unitary.
We summarize this as follows:
Proposition 4.1. Suppose that there exists a finitely generated Rω-embeddable
von Neumann algebra M with the following two properties:
• There is an embedding π : M → RU and an automorphism α of M
such that there does not exist a unitary u of RU satisfying π(α(x)) =
uπ(x)u∗ for all x ∈M .
• M is an amalgamation base.
Then Th(R) is not model-complete.
References
[1] N. Brown, K. Dykema, K. Jung, Free entropy in amalgamated free products, Proc.
London Math. Soc. 97 (2008), 339-367.
[2] I. Goldbring, B. Hart, T. Sinclair, The theory of tracial von Neumann algebras does
not have a model companion, to appear in the Journal of Symbolic Logic.
[3] B. Hart, I. Farah, D. Sherman, Model theory of operator algebras II: Model theory,
preprint.
[4] W. Hodges, Building models by games, Dover edition, 2006.
[5] R. Nicoara, S. Popa, R. Sasyk, On II1 factors arising from 2-cocylces of w-rigid groups,
J. Funct. Anal. 242 (2007), 230-246.
[6] A. Usvyatsov, Generic separable metric structures, Topology and its Applications 155
(2008), 1607-1617.
Department of Mathematics and Statistics, York University, 4700 Keele
Street, North York, Ontario, Canada, M3J 1P3, and Matematicki Institut,
Kneza Mihaila 35, Belgrade, Serbia
E-mail address: ifarah@mathstat.yorku.ca
URL: http://www.math.yorku.ca/~ifarah
Department of Mathematics, Statistics, and Computer Science, University
of Illinois at Chicago, Science and Engineering Offices M/C 249, 851 S.
Morgan St., Chicago, IL, 60607-7045
E-mail address: isaac@math.uic.edu
URL: http://www.math.uic.edu/~isaac
Department of Mathematics and Statistics, McMaster University, 1280
Main Street W., Hamilton, Ontario, Canada L8S 4K1
E-mail address: hartb@mcmaster.ca
URL: http://www.math.mcmaster.ca/~bradd
